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associated to orthogonal affine Lie algebras 



Ozren Perse 



Abstract 

Let L£)^{—£ + |,0) (resp. LBi{—i + |,0)) be the simple vertex 
operator algebra associated to affine Lie algebra of type D^^^ (resp. 
S^^^) with the lowest admissible half-integer level — ^ + |. We show 
that Li:,^{—£ + |, 0) is a vertex subalgebra of LBg{—( + |, 0) with the 
same conformal vector. For £ = A, L£)^{—^,0) is a vertex subalgebra 
of three copies of LB^i—^jO) contained in Lf^{—^,0), and all five of 
these vertex operator algebras have the same conformal vector. 



1 Introduction 

Let Qxi be the simple Lie algebra of type Xi, qxi the associated affine Lie 
algebra of type xl^\ and Lx,{k, 0) the simple vertex operator algebra asso- 
ciated to Qxi of level k E C, k —h"^, with conformal vector obtained from 
the Segal-Sugawara construction. It is an interesting problem to find pairs 
of vertex operator algebras Lx, {k, 0) and Ly^, {k', 0), such that Ly^, {k', 0) is a 
vertex subalgebra of Lxi {k, 0) with the same conformal vector. In the case 
of positive integer levels, such examples are called conformal embeddings in 
mathematical physics (cf. jXGO] . pB] , jSW] l 

In |P2] . we showed that Lb4(— |,0) is a vertex subalgebra of Lf^{—^,0) 



with the same conformal vector. The motivation for studying level /c = — | 
was that the corresponding central charge of these vertex operator algebras 
is the same (and equal to —20). In this case, one can also consider Lie 
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subalgebra of QB4 and the associated vertex operator algebra |, 0). 

It turns out that this vertex operator algebra also has central charge —20. 

More generally, one can consider the embedding of orthogonal Lie alge- 
bras Qdi into g^j, for any / > 4. On the level of afiine Lie algebras and 
corresponding vertex operator algebras, this embedding has been studied for 
level k = 1 (cf. |FFj ). Using explicit realizations of modules L^, (1,0) and 
Lb;(1,0), one can see that Ld,(1,0) is a vertex subalgebra of Lb;(1,0), but 
the corresponding conformal vectors are different in this case. 

In this paper we study a level k such that LDj{k,0) is a vertex subalge- 
bra of LBi{k,0) with the same conformal vector. The equality of conformal 
vectors implies the equality of corresponding central charges 

kdimQD^ kdimgBi 
k + hl^ ^ TTh^ 

Apart from the trivial solution k = 0, the only solution of this equation is 
k = — / + §■ This suggests the study of vertex operator algebras L£,^{—1 + ^, 0) 
and {—I + |, 0). Since there are no known realizations of these irreducible 
modules, we consider these modules as quotients of the corresponding gen- 
eralized Verma modules. 

Vertex operator algebra / + 1, 0) has been studied in [Plj . The level 

/c = — / -|- I is an admissible level for Qbi , in the sense of Kac and Wakimoto 
(cf. |KWlj . |KW2j . [Wj). The results on admissible modules from [KWlj and 
pCW2] imply that L^, (-/+§, 0) is a quotient of the corresponding generalized 
Verma module modulo the ideal generated by one singular vector vb^ of 
conformal weight 2. The explicit formula for that vector was determined in 
[Plj . and is relatively simple (cf. relation (14. ip ). Vertex operator algebras 
associated to afiine Lie algebras with admissible levels have also recently been 
studied in [Ml E2l IM IDLM] . 

In this paper we study vertex operator algebra L^), (— / + |, 0). We verify 
that level = — / + | is admissible for Qd^, and show (using [KWlj . |KW2] ) 
that Lbi^{—1 + |, 0) is a quotient of corresponding generalized Verma module 
modulo the ideal generated by one singular vector of conformal weight 
4. The formula for that singular vector is much more complicated than the 
formula for vbi (cf. relation (14.21) ). Using explicit formulas for vectors vbi and 

we show that the vector is contained in the gs^-submodule generated 
by vbi of the corresponding generalized Verma module, which directly implies 
that Li)i{~^ + |)0) is a vertex subalgebra of Lbi{—1 + |,0). Using certain 
relations generated by vector vbi on the quotient Lb;(— / + §, 0) of generalized 
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Verma module, we show that the conformal vectors of Ld^{—1 + |,0) and 
Lbi{—1 + |, 0) are the same. 

In the special case / = 4, Lp^{—^,Q) contains three copies of Lb4(— |,0) 
as vertex subalgebras with the same conformal vector (cf. [P2J). It follows 
that vertex operator algebra L£)4(— 1,0) is a vertex subalgebra of all three 
copies, with the same conformal vector. 

2 Preliminaries 

Let iy, F, l,a;) be a vertex operator algebra (cf. [Bol iFHLl [FLMl [LL] l A 
vertex subalgebra of vertex algebra is a subspace U of V such that 1 E U 
and Y{a,z)U C f/[[z,2;~^]] for any a E U. Suppose that {V,Y,l,uj) is a 
vertex operator algebra and {U,Y, a vertex subalgebra of V, that has 

a structure of vertex operator algebra. We say that ?7 is a vertex operator 
subalgebra of V if u' = u. 

Let be a simple Lie algebra over C with a triangular decomposition 
= n_ © f) ©n+. Let (■,-):gx0— s-Cbe the Killing form, normalized by the 
condition {6, 9) = 2, where 6 is the highest root of g. The affine Lie algebra g 
associated to g is the vector space g © C[t, t"^] © Cc equipped with the usual 
bracket operation and the canonical central element c (cf. |Klj ). Let li^ be 
the dual Coxeter number of g. Let g = n_ © {) © n+ be the corresponding 
triangular decomposition of g. 

For every weight A G [)*, denote by M(A) the Verma module for g with 
highest weight A, and by L{X) the irreducible g-module with highest weight A. 
Let U he a g-module, and let A; G C. Denote by N{k, U) the generalized 
Verma g-module of level k induced from U. For /i G 1)*, denote by V{fi) the 
irreducible highest weight g-module with highest weight /i. We shall use the 
notation N{k, /i) to denote the g-module N{k, V"(/i)). Denote by J{k, /i) the 
maximal proper submodule of N{k, /i) and by L{k, fi) = N{k, n)/ J{k, fi) the 
corresponding irreducible g-module. 

Let A^'''^ (resp. A^'''^) C () be the set of real (resp. positive real) coroots 
of g. Fix A G i)*. Let A^^'^'' = {a E A^""^ | (A, a) G Z}, A^!^ = Af ^nA^'"", H"^ 
the set of simple coroots in A^'''' and IT^ = {a G A)^'j^ | a not equal to a sum 
of several coroots from A)(^®}. Recall that a weight A G ^* is called admissible 
(cf. |KW1] . |KW2j and [W]) if the following properties are satisfied: 

(A + p, a) ^ -Z+ for all a G A^'^^ 
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We shall use the following result of V. Kac and M. Wakimoto: 

Proposition 2.1 ( (KWll Corollary 2.1]) Let A be an admissible weight. 
Then 

where v'^ G M(A) is a singular vector of weight Ta-X, the highest weight vector 
ofM{r^.X)= [/(0KcM(A). 

For k 7^ — /i^, N{k,0) has the structure of vertex operator algebra (cf. 
[FZ| |FB| IMl ILLI |L]) with conformal vector 



dim 



UJ 



2{k + h^) ^ 

^ ' 4=1 



Y^a\-l)h\-l)l, (2.1) 



where {a*}i=i,...,dimg is an arbitrary basis of g, and ...dimg the corre- 

sponding dual basis of q with respect to the form (■,■). 

Since every g-submodule of N{k, 0) is also an ideal in the vertex operator 
algebra N{k,0), it follows that L{k,0) is a vertex operator algebra, for any 

k -/i^. 



3 Simple Lie algebras of type Di and Bi 

Let I > 4 and consider two /-dimensional vector spaces 

A2 = ©LiCa*. Let A = A^® A2. The Clifford algebra Cliff {A) is the 

associative algebra over C generated by A and relations 

[ai,aj]+ = [a-,a*]+ = 0, [a^, a*]+ = 5^^, i,j = l,...,/. 

The normal ordering on A is defined by 

Then (cf. |Bou] and |FF] ) all normally ordered quadratic elements -.xy: span 
a Lie algebra of type Di with Cartan subalgebra f) spanned by 



Let {ei \ 1 < i < 1} G I)* he the dual basis such that ei{Hj) — Sij. The root 
system of is given by 

Ad, = {±{ei ± ej) \ I < i, j < l,i < j} 

with «! = Ci — 62, = e^_i — = e|_i + €i being a set of simple 

roots. The highest root is = ei + €2. The set of positive roots is Aj^ = 
{€i ±ej \ i < j}. We fix the root vectors 

^et—ej .(littj., ^ei+ej — '-(liCij'-i Jei—ej — '-(^j^^i •) Jei+ej '-djOn '■, 

ioT i, j = 1, . . . ,1 and i < j. 

If the linear space A is added on to quadratic elements : xy :, x^y G A, 
one obtains the simple Lie algebra Qbi of type Bi. The root system of Qbi 
with respect to the same Cartan subalgebra f) is 

Ab, = Ad, U {±q I 1 < i < /} 

with /3i = ei — 62, A-i = Q-i ~ A = ^/ being a set of simple roots. The 
set of positive roots is Aj^ = Aj^ U{ej| I < i <l}. Fix the root vectors for 
short roots 

Oj, /ej Oj, ^ 1,...,/. 

Denote by /i^ = = [6^,/^] coroots, for any positive root a G A^^. 
Clearly /i^j = 2ifj, for i = 1, . . . , /. 

4 Vertex operator algebras Lb^^—I + |,0) and 
LD,(-/ + f,0) 

Let and Qbi be affine Lie algebras associated to Qd, and g^,, respectively. 
For k E C, denote by ND,{k,0) and A^b,(A;,0) generahzed Verma modules 
associated to and Qbi of level /c, and by L£,j(/c, 0) and Lb;(A;, 0) corre- 
sponding irreducible modules. 

We shall also use the notation M£);(A) (rcsp. Mbi{X)) for the Verma 
module for g^i (resp. g^J with highest weight A G and i>D((A) (resp. 
Lb, (A)) for the irreducible g^), -module (resp. 0b, -module) with highest weight 
A G t)*. 

Since g^j, is a Lie subalgebra of 0b, , it follows that g^j, is a Lie subalgebra 
of 0B;- Using the P-B-W theorem (which gives an embedding of the universal 
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enveloping algebra of a Lie subalgebra into the universal enveloping algebra of 
a Lie algebra) we obtain an embedding of generalized Verma module NI:,^ {k, 0) 
into NBiik, 0). Therefore, N^iik, 0) is a vertex subalgebra of NBi{k, 0). 



4.1 Vertex operator algebra Lbi{—1 + |,0) 

In this subsection we recall some facts about vertex operator algebra {—1+ 
|, 0). It was proved in [Pit Theorem 11] that the maximal g^rsubmodule of 
^Bii—l + |, 0) is generated by one singular vector: 

Proposition 4.1 The maximal QBiSuhmodule of NbX^^ JBii—^ + 

|,0) = U{qbi)vbi, where 

1 ' 

VB, = -^e,,(-l)2l + 5]e,,_,^(-l)e,,+,^(-l)l (4.1) 

is a singular vector in Nbi{—1 + |, 0). 
Thus 



3 .^^^^B,(-/ + |,o) 



^B,(-/ + 7T,0) 



2 U{qb,)vbi 



4.2 Vertex operator algebra LdX—1 + |,0) 

In this subsection we show that the maximal g^rsubmodule of A''£)j(— / + |, 0) 
is generated by one singular vector. We need two lemmas to prove that. 

Denote by A the weight (— / + |)Ao. Then Ndi{—1 + |, 0) is a quotient of 
the Verma module M^,(A) and Ldi{-1 + |,0) = ^^^(A). 

Lemma 4.2 The weight A = (— / + |)Ao is admissible for and 

fll = {{26-9)\al...,ar}. 

Proof: Clearly 

(A + p, a^) = 1 for 1 < z < Z, 
5 

(A + p,ao) = + 2' 
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which imphes 

(A + p, {25 - ef) = (A + p, 2al + a^' + 2q;^ + . . . 2a{_2 + o^ti + 
The claim of lemma now follows easily. □ 
Lemma 4.3 Vector 



21 + 1 ' 



i=3 j=3 
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E e^i-^i (-l)e^2-6i (-l)ee2+ei (-1) 1 



j=3 



E E eei-6i(-l)e.2+6i(-l)eei+6^(-l)e,2-6, (-l)l 



3 

i=3 3=3 

21 + 1 ' ' 

i=3 i=3 
21+1 ' ' 



^ i=3 j=3 

I i-1 

i=3 j=3 
I I 

+2E E eei+e.(-l)eei+e,(-l)ee,-e,(-l)ee,-e,(-l)l 

i=3 j=i+l 

-2EEe^i+«(-i)^^i-.(-i)^«-^(-i)^^.+^^(-i)i 

2=3 i=3 
/ « 

+2E E e.,+.,(-l)e,,_,^.(-l)e,,_,,(-l)e,,+,^(-l)l 

j=3 j=j+l 
I i-1 

i=3 j=3 
I I 

-2E E e.,+e.(-l)e.,+.,(-l)e,,+,^.(-l)^+,^.(-l)l 



I i-1 

1=3 i=3 
/ I 

-2E E e.,+e,(-l)e.,+.,(-l)e,,_,^.(-l)^_,^.(-l)l 

i=3 j=i+l 



i=3 



2f2/ — 5) . 



i=3 



+ J]e,,+,,(-l)e,,+,,(-l)e,,_,,(-l)/i,,(-l)l 



i=3 

I 



21 — 5 ^ 



3 .=3 



I 



1=3 

21 — 5 ^ 

H ^^(^ei+e2{-i)(^ei-ei{-l)ee2+ei{-'^)hei-e2{-i)'^ 

i=3 

21 — 5 ' 

E e«+e2 (-l)eei+., (-2)e,,_,, (-1) 1 

i=3 

2/ — 5 ' 

+ ^^E^^l+^2(-l)^^l-^(-2)e.2+6,(-l)l 

i=3 



(2Z + 1)(/ ^) j2e,^^,,{-2)e,,^,A-^)e,.-.{-m 

i=3 

(2Z + l)(Z-3) , ^, , ^, , 

^ ^^e,,+,,(-2)e,,_,,(-l)e,,+,,(-l)l 



3 

i=3 



21 — 5 . ^ ^ 

^eei+e2(-l)eei+ei(-l)ee2-6i(-2)l 



3 .=3 



21-5 ^ 



3 



^e,,+,2(-l)eei-e,(-l)e,2+6,(-2)l 



=3 



21 — 5 

^eei+e2(-2)eei+e2(-l)/lei(-l)l 

(2/ + mi - 5)(2/ - ^ ei^e..,„(-l)e..,„(-3)l 



24 ''"^''^ ' 2 

e,,+,,(-l)2(e,,_,,(-l)^_,,(-l) + ^_e,(-l)e,,_,,(-l))l 



2(2Z-5)(Z-2) , 



2Z-5 ^ 



S{21 - 1) 
5 ^ 

i=3 

2Z-5 ' 



j=3 

2/ -5 ' 



+ 



-5]e,,+e.(-l)'(ee,+e,(-l)/e,+e,(-l)+/e.+e,(-l)ee,+..(-l))l 



2/ _ 

i=3 



J2 e,,+,,(-l)2(e«(-l)/a(-l)l + /a(-l)e„(-l))l 



2Z 



(a,ei)=0,(a,e2)=0 



1=3 

27 — 5 

+^-ee,+«(-l)'/i.,+«(-2)l (4.2) 
is a singular vector in Ndi{—1 + |, 0). 

Proof: Direct verification of relations ee^.-ek+i{0)-''^Di — 0, for k — 1, ... ,1 — 1, 
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e^j_^+^j{0).VD^ = and fe{l)-VD^ = (see Appendix). □ 

Theorem 4.4 The maximal Qoi-submodule of Nj:,^{~l + |,0) is Jd^{—1 + 
|,0) = U{qdi)vdi, where is given by relation 

Proof: It follows from Proposition 12.11 and Lemma 14.21 that the maximal 
submodule of the Verma module M£ij(A) is generated by / + 1 singular vectors 
with weights 

r25-e-\ ra,.X, . . • ,ro,.A. 

It follows from Lemma 14.31 that is a singular vector with weight X — 46 + 
26 = r2S-e-X. Other singular vectors have weights 

Ta^.X = X — {X + p, a()ai = A — a,, 

so the images of these vectors under the projection of M^XX) onto Nd^{—1 + 
|, 0) are 0. Therefore, the maximal submodule of Nj:,^{—1 + |, 0) is generated 
by the vector vdi, i.e. Jd;(-/ + f,0) = U{qdi)vdi- □ 
It follows that 

2 U[Qdi)VDi 

5 Embedding of Ld^{-1 + 1, 0) into Lb^{-1 + 1, 0) 

In this section we show that vector is in the g^rsubmodule Jbi{,—1 + |, 0) 
of Nbi{—1 + |, 0) generated by vector vbi- 

Lemma 5.1 v^i G Jb,(— ^ + |, 0) 

Proof: Using relation (14.11) . one can show that the following relations hold 
in Jb,(-/ + |,0): 

^ I I 

^(0).i;b. = -e.,(-l)/i.,(-l)l + ^e,,+,^,(-l)4(-l)l + J]e,,_,^,(-l)e,^,(-l)l 

i=2 j=2 

2^-3 , , , , 
^e,,(-2)l, (5.1) 



1 '"^ 
U-.XO).VB, = --e,,(-l)e,,(-l)l + 5^e,,+,^.(-l)4._J-l)l 



J=2 
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i-1 I 
j=2 j=i+l 

' 2/ — 3 

+ J2 e.,-e,(-l)e,,+,.(-l)l + ^-e,,+,,(-2)l, for i = 2, . . . , Z, (5.2) 

U{0)fe,-eM-m = ^e,,(-l)/i,,(-l)l - e,,+,,(-l)^(-l)l + e,,(-l)^_,,(-l)l 
' ^ 21 — ^ 

/.i(Or-^B. = ^(e,,(-l)^(-l)l + ^(-l)e,,(-l)l) - 



-J](e,+,^.(-l)/,+,^.(-l)l + ^+,^.(-l)e,+,^.(-l)l) 



J=2 
/ 

-5](e,,_,^(-l)^_,^(-l)l + e,,_,^(-l)^_,^(-l)l (5.4) 

^_,,(0)^+,,(0).^5, = -i(e,^(-l)/,^(-l)l + ^(-l)e,,(-l)l) 
+^(e,,(-l)^(-l)l + ^(-l)e,,(-l)l)+/i,,_,,(-l)/i,,+,,(-l)l 



+ \ E(eei+.,(-l)^+e,(-l)l + /e,+e,(-l)ee,+e,(-l)l) 

1 ' 

+ E(^^i-.(-l)/^i-.(-l)l + /e,-e,(-l)e.,-.,.(-l)l) 
1 ^ 

-oE(^^>+^.(-i)/^^+^.(-i)i+/^^+^.(-i)^^^+^.(-i)i) 



11 



~ ^(e,,_,^(-l)/,^_,^.(-l)l + 4_,^.(-l)e,,_,^.(-l)l), forz = 2,...,/, (5.5) 

j=i+i 

1 

U+eM-VB, = --e,,(-l)/J-l)l + ^e,,+,^.(-l)4.+J-l)l 

-J]e,,_,^(-l)e,^_,,(-l)l-/i,,+,,(-l)e,,_,,(-l)l- J] e,,+,^(-l)^+,^(-l)l 



j=2 j=«+l 



^ e,,_,.(-l)^_,.(-l)l + ^^e,,_,,(-2)l, forz = 3,...,/, (5.6) 



^_,,(0)^_,,(0).^;b, = --e,,(-l)e,,(-l)l -/i,,_,^(-l)e,,+,,(-l)l 



2 

1 

2' 

i-l 

-^_,,(-l)e,,+,,(-l)l-e,,+,,(-l)^_,,(-l)l + 5^e,,+,.(-l)4._,,(-l)l 

i-l « 

-5]e,,_,^.(-l)e,,+,^.(-l)l+ ^ e,,_,^.(-l)e,,+,^.(-l)l 

' 21 — 3 

+ J2 ee,+e,(-l)ee,-.,(-l)l + ^— e,,+e,(-2)l, fori = 3,...,Z, (5.7) 

j=i+i 

1 ' 
^_,,(0)2.^;s, = --e,,(-l)^l-2^_,,(-l)e,,+,,(-l)l + 2 5^e,,_,^.(-l)e,,+,^.(-l)l, 

(5.8) 

^_,,(0)^+,,(0).^;5. = -^e,,(-l)^(-l)l - /i,,+,,(-l)e,,_,,(-l)l 

-^_,,(-l)e,,_ J-l)l - e,,+,,(-l)^+,,(-l)l + J]e,,+,^(-l)^+,^(-l)l 

i-l I 

-J]e,,_,^(-l)e,^_,,(-l)l- ^ e,,_,^.(-l)^_,^.(-l)l 

j=3 j=i+l 

' 2/ — 3 

- 5] e,,+,^.(-l)^+,^.(-l)l + ^-e,,_,,(-2)l, fori = 3,...,Z. (5.9) 

j=i+i 
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Using relations fl5.ip - fl5.9l) one can obtain 

= l^^^^^^"^) ^/.i~-.2(-l)e.i+e2(-l) 



2/ + 1 ' 



^e,2_,^(-l)e,2+,^(-l) - ^e,,+,2(-l)e,2(-l)^(0) 



i=3 



2/ + 1 

+ 5^e,,+,,(-l)e,,_J-l)^_,,(0) - ^^e,,(-l)e,,(-l)^_,,(0) 



12 

i=3 



(2/ + l)(2l - 5) , , , , , 2/ - 5, , , , , , 
^ ^e,,+,,(-2)^_,,(0) + ^— /,,^_,^(-l)e,,+,,(-l)^_,,(0) 



12 '^"'^^ ■ g 

9/ -I- 1 . ^ ^ 



t=3 



2/ + 1 ' 



5]e,,+J-l)e,,_J-l)^_,,(0) + ^e,,(-l)e,,+,,(-l)^(0)^_,,(0) 

1=3 

1 91 — ^ 

+ ^^e,,^.,(-l)V..(0)^ - ^e,,+,,(-l)V..-..(0)/,+.,(0) 

4 ' 

+ ^731 E ^^1+^^ (-1) Ve.-e. (0)/e,+e. (0) 
1=3 

I I 

+ J]e,,+,,(-l)e,,+J-l)^+,,(0)-^e,,+,,(-l)e,,_J-l)^_jO)^_,,(0) 

i=3 i=3 
2/ + 1 9/ — ^ 

■ ^ e,(-l)Ve,-..(0)^ + — r^e,_,,(-l)e,+,,(-l)/,_,,(0)2 



24 ' ^^i-^.v-/ g 

1=3 

- e^l+^2(-l)eei+e,(-l)/ei-e2(0)/ei+e,(0) j .Vb^, 

i=3 ' 

which imphes the claim of lemma. □ 

It follows from Lemma 15.11 Theorem 14.41 and Proposition 14.11 that the 
embedding of N^^^—l + |,0) into Nbi{—1 + |,0) induces the embedding of 
+ |,0) into + |,0). We get: 

Theorem 5.2 Ld,(-/ + |,0) is a vertex subalgebra of LbX~^ + |)0). 
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Next, we show that L]j^{—1 + |,0) is a vertex operator subalgebra of 
Lbi{—1 + |)0), i.e. that these vertex operator algebras have the same con- 
formal vector. We use the following lemma: 

Lemma 5.3 Relation 

(2/-1) (e„(-l)/.(-l)l + /„(-l)e„(-l)l) 

(cK ,q:) — 1 

= 4 ^ (e,(_i)/J-i)i + /J_i)e„(-l)l)+ K{-lfl 

(cXjCk) — 1 

/ioMs in LbX~1 + |) 0). 
Proof: Proposition 14.11 implies that relation 

I 

(2IU {0? + 4 Y /^i-. (0)/^!+^. (0)) -VB, = 

1=2 

holds in LbX^^ + §5 0)- Using relations (15. 4p and (15. 5p we get the claim of 
lemma. □ 

Theorem 5.4 Denote by ub, the conformal vector for vertex operator al- 
gebra Lbi{—1 + |,0), and by Ud, the conformal vector for Lj:,^{—1 + |,0). 
Then 

Proof: Set {\ha \ a G A^^, (a, a) = 1} is an orthonormal basis of f) with 
respect to the form (■,■). Lemma [5.31 implies that 

Y (e.(-l)/.(-l)l + /.(-l)e,(-l)l) 

(q ,a) — 1 

(ci,a) — 1 

(5.10) 
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holds in LbX^^ + 0). It follows from relation (12.11) that 



(a jCk) — 1 



21 + 



V _ , A + . ^ A + 



(a .(h) — 1 



+ ^ E (ea(-l)/a(-l) + /.(-l)e.(-l)l)). 



(Q:,a) — 1 



Using relation flS.lOp . we obtain 
1 fl 



21- 



.eA+ aGA+ 

(a,a) — 1 

Thus, Ld^^—I + |, 0) is a vertex operator subalgebra of Lbi{—1 + |, 0). 

6 Case / = 4 

For / = 4, simple Lie algebra QF4, contains three copies of 0^4 as Lie subalge- 
bras. We denote these copies Qb^, d'si 0B4) have the corresponding 

isomorphisms 

TT .054^ 0B4, 
-0^4^ 0B4- 

Lie algebra is a Lie subalgebra of all three copies of 0^4, and it is invari- 
ant under isomorphisms vr' and vr". When restricted to g^^, vr' and tt" are 
automorphisms induced from the automorphisms of the root system 
determined by: 

7r'(ai) = 0:3, vr'(a;2) = 0:2, T^'io-z) = 04, n'^a^) = ai 

7r"(ai) = 0:4, 7r"(a2) = «2, 7r"(a3) = ^3, 7r"(a4) = ai. (6.1) 
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Vertex operator algebra Li?^(— |, 0) contains three copies of Ls^i—^, 0) as 
vertex operator subalgebras (cf. |P2] ). We denote these copies Lb4^{ — ^,0), 
L'5^( — 1,0) and 1,0), and the corresponding isomorphisms of vertex 

operator algebras are induced from tt' and vr". Using relations (16. ip and 
(14.21) . one can easily verify that 7!-'{vd4,) = vd^ and n'^vo^) = vd^, which 
implies that L£,^{—^,0) is a vertex subalgebra of all three copies Lb4^{—^,0), 
^B4(-|'0) ^B4(-|'0)- We obtain: 



Corollary 6.1 Lb,(-|,0) is a vertex subalgebra of three copies of LBi_{—\, 0) 

i). Vertex op^ 



contained in Lf^{—\,Q)- Vertex operator algebras Lj:,^{—^,Q), |,0), 
L'o (— 1,0), L'^ (— 1,0) and Lp^{—^,Q) have the same conformal vector. 



7 Appendix 

In this Appendix we show relation ee^-f:^{Q).VDi = from the proof of Lemma 
14. 3[ Relations e^^_^^{Q).vj:,^ = 0, eej._ej.^^(0).f£); = 0, for A; = 3, ...,/ — 1, 
ee,_^+e, (0).W£); = and fe{l).VD^ = can be verified similarly. We have: 

e,,_,2(0).e,,_,^(-l)e,j+,^(-l)e,2_,^,(-l)e,2+,^.(-l)l 

= e,,_,,(-l)e,,+e,(-l)eei-e,(-l)ee2+.,(-l)l 

+e.i-e,(-l)e,i+e,(-l)e,,+e^.(-l)e,2_,^.(-l)l 

+e.i-e.(-l)e,i+e.(-l)eei+e2(-2)l, for z, j = 3, . . . , /, 
e,,_,2(0).e,,_,^(-l)e,2+,,(-l)e,,+,^,(-l)e,2_,^.(-l)l 

= eei-.,(-l)e,i+e,(-l)e,i+e^-(-l)e,2-e,(-l)l 

+eei-e,(-l)ee2+e.(-l)eei+e, (-l)eei-ej (-l)l, for Z, j = 3, . . . , /, 2 7^ j, 

e.i-.2(0).e,i_,,(-l)ee2+,,(-l)eei-,^.(-l)e,2+e,(-l)l 
= e,,_,^(-l)e,,+,^(-l)e,,_,^,(-l)e,2+,^.(-l)l 

+eei-c,(-l)e,2+e,(-l)eei-e, (-l)eei+ej(-l)l, for z, j = 3, . . . , /, « 7^ j, 

e.i-.2(0).e,,_,,(-l)ee2+,,(-l)eei_e,(-l)ee2+e,(-l)l 
= 2e,,_,,(-l)2e,,+,,(-l)e,,+,,(-l)l + e,,+,,(-2)e,,_,,(-l)e,,+,,(-l)l 

for i = 3, . . . , Z, 
e.i-.2(0).e,,+,^(-l)e,2-.,(-l)eei+.,.(-l)e,2-e,(-l)l 
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= e,,+,.(-l)e,,_,.(-l)e,i+,.(-l)e,2-e,.(-l)l 

+eei+6i(-l)ee2-6i(-l)eei+e^(-l)e,i_e,(-l)l, ior i, j ^ 3, . . . ,l,i j, 



e6i-62(0).eci+c,(-l)e,,+,^-(-l)e,2-.,(-l)e,^_,^.(-l)l 
= eei+e2(-l)ee,+e.(-l)eei_e,(-l)ee,_e.(-l)l for i, j = 3, i < j, 

e,,_,2(0).eei+e2(-l)e,,_,^.(-l)e,2_,^(-l)e,^+,^(-l)l 
= eei+e2(-l)eei_e.(-l)eei_e,(-l)ee,+e.(-l)l, for i, j = 3, . . . , /, i 7^ j, 

eei-c2(0).eei+c2(-l)e,2+,,(-l)e,,+,^^(-l)^+,^^(-l)l 
= eei+e2(-l)eei+ei(-l)eei+e,.(-l)^+e,.(-l)l, for i, j = 3, . . . , /, i 7^ j, 

e.i-e2(0).ee,+e,(-l)e,2+.,(-l)e,,_,^.(-l)e,^,_e,(-l)l 
= eei+e2(-l)eei+ei(-l)eei-e,.(-l)ee._ei(-l)l, for i, J = 3, . . . , /, J < i, 

e,,_,2(0).e,,+e,(-l)e,2+.,(-l)e,,_,^(-l)/,,_,^-(-l)l 
= e6i+62(-l)e6i+ei(-l)eei-e,(-l)/6i-6.(-l)l, for «,j = 3, ...,/, i < j, 



(7.5) 



e6i-62(0).eei+e,(-l)ee2-6i(-l)eei+ei(-l)ee2-ei(-l)l 
= 2e,,+,,(-l)^e,,_,,(-l)e,,_,,(-l)l + e,,+,,(-2)e,,+,,(-l)e,,_,,(-l)l 
for i = 3, . . . , /, (7.6) 

e6i-62(0).e,i+,2(-l)e,,+,^,(-l)e,2_,,(-l)4_,^(-l)l 
= eei+e2(-l)eei+e,(-l)eei_e,(-l)/e._e,(-l)l, for i, j = 3, j < i, 



(7.7) 



(7.8) 



(7.9) 



(7.10) 



(7.11) 



(7.12) 



e6i-e2(0).eei+e2(-l)/.i-.2(-l)e.i-.,(-l)e,,+,,(-l)l 
= e,,+e2(-l)e6i+6.(-l)eei-.,(-2)l + e,,+,^{-l)e,,_,.{-l)e,^+,.{-2)l 

+e6i+e2(-l)eei-ei(-l)eei+e,(-l)/iei_e2(-l)l, for i = 3, . . . , (7.13) 

e6i-62(0).e,i+e2(-l)e,i_e2(-l)ee2-,,(-l)ee2+,,(-l)l 
= eei+e2(-l)eei-e2(-l)eei-6i(-l)ee2+6i(-l)l 
+e6i+62(-l)e6i-62(-l)e6i+62(-2)l 

+eei+e2(-l)eei-e2(-l)eei+ei(-l)ee2-ei(-l)l, for i = 3, . . . , (7.14) 
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e6i-e2(0).eei+,2(-l)eei+ei(-l)e,2-6i(-l)/i6i(-l)l 
= eei+e2(-l)e,i+,,(-l)e,i_,,(-l)/iei(-l)l, for i = 3, . . . , Z, 

e6i-62(0).e,i+e2(-l)eei+ei(-l)ee2-ei(-l)/i6i-62(-l)l 
= eei+e2(-l)eci+6i(-l)eei-e,(-l)/iei-«(-l)l 

-2eei+62(-l)e^i-62(-l)e6i+6i(-l)ee2-6X-l)l 
+2eei+e2(-l)e,,+,.(-l)e,i_,.(-2)l, for i = 3, . . . , Z, 

e6i-62(0).e,i+,2(-l)e,,_,^(-l)e,2+,^(-l)/;.,,(-l)l 

= eei+e2(-l)eei-e,(-l)eei+e,(-l)/ie,(-l)l, for « = 3, . . . , 

e6i-62(0).eci+c2(-l)eci-c,(-l)e,2+,,(-l)/iei-c2(-l)l 
= eei+e2(-l)e,i_,,(-l)e,.,+,^(-l)/?.,,_,,(-l)l 

-2eei+e2(-l)e.i-e2(-l)eei-ei(-l)ee2+6i(-l)l 
+2e,,+,,(-l)e,,_ J-l)e,,+J-2)L for ^ = 3, ... J, 

eei-e2(0).e,i+,2(-l)eei+e,(-2)ee2-6i(-l)l = eei+e2(-l)eei+e, 

for i = 3, . . . , /, 
e,,_,2(0).e,,+,2(-l)e,j_,.(-2)e,2+ei(-l)l = e^^+e^{-l)e^^_,. 

for i = 3, . . . , 

for i = 3, . . . , /, 

^ei-e2(0).eei+e2(-2)eei-ei(-l)ee2+ei(-l)l = 6^1+^2 (-2)6^1-^, 



(7.15) 



(7.16) 
(7.17) 



.~2)1 — ee^+e2( — l)eei+ei 



for i = 3, . . . , /, 

^ei -e2 (0) -Cei +£2 ( ~ 1 ) ^ei+Ei ( ~ 1 ) ^e: 

for i = 3, . . . , 

e,,_,2(0).e,,+,2(-l)e,,_,^(-l)e,2+,^(-2)l = e,,+,^{-l)e. 
ior i — 3, . . . ,1, 

e6i-62(0).eei+e2(-2)eei+e2(-l)/i6i-62(-l)l = -2eei+e2(-2)e,,+,2(-l)e,, 



-2)e.,-., 
-2)eei+e, 

-1)661-6, 

-l)e6i+6i 
-l)e6i-6i 
-l)e6i+6. 



■1)1 



-1)1 



-1)1 



■1)1 



-2)1 



-2)1 



(7.18) 



(7.19) 



(7.20) 



(7.21) 



(7.22) 



(7.23) 



(7.24) 
-62(-l)l, 



e6i-62(0).eei+62(-2)e,i+e2(-l)/iei(-l)l = -2ee^+e^{-2)ee,+e^{-l)ee^-e2i-'i-)l, 

e,,_,,(0).e,,+,,(-2)2l = 0, 
e6i-62(0).eei+62(-l)e6i+62(-3)l = 0, 

e,,_,,(0).e,,+,,(-l)^(e,,_,,(-l)^_,,(-l) + ^_,,(-l)e,,_,,(-l))l 



(7.25) 

(7.26) 
(7.27) 
(7.28) 
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= 2e,,+,,(-l)2e,,_,,(-l)/i,,_,,(-l)l + 2e,,+,,(-l)2e,,„,,(-2)l, (7.29) 
e,,_,,(0).e,,+,,(-l)2(e,,_,(-l)^_,(-l) + ^_,,(-l)e,,_,,(-l))l 
= 2e,,+,,(-l)2e,,_,,(-l)^_J-l)l -e,,+,,(-l)2e,,_,,(-2)l, 

for i = 3, . . . , /, (7.30) 
e,,_,,(0).e,,+,,(-l)2(e,,+J-l)^+J-l) + ^+,,(-l)e,,+,,(-l))l 
= 2e,,+,,(-l)2e,,+J-l)^+J-l)l -e,,+,,(-l)2e,,_,,(-2)l, 

for i = 3,...,/, (7.31) 
e,,_,,(0).e,,+,,(-l)2(e,,_ J-l)^_ J-1) + ^_,,(-l)e,,_ J-l))l 
= -2e,,+,,(-l)2e,,_ J-l)^_ J-l)l + e,,+,,(-l)2e,,_,,(-2)l, 

fori = 3,...,/, (7.32) 
e,,_,,(0).e,,+,,(-l)2(e,,+J-l)^+J-l) + ^+J-l)e,,+J-l))l 
= -2e,,+,,(-l)2e,,+J-l)^+J-l)l + e,,+,,(-l)2e,,_,,(-2)l, 

for 2 = 3, . . . , /, (7.33) 

e,,_,,(0).e,,+,,(-l)2(e,,+e,(-l)/e,+e,(-l) + ^+e,(-l)ee,+e,(-l))l = 0, (7.34) 
e,,_,,(0).e,,+,,(-l)2(e,(-l)/,(-l)l + /„(-l)e,(-l))l = 0, 

for a G A^^ such that (a, ei) = 0, (a, €2) = 0, (7.35) 
e,,_,,(0).e,,+,,(-l)2/.,^_,,(-l)2l = -4e,,+,,(-l)2e,,_,,(-l)/i,,_,,(-l)l 

-4e,,+,,(-l)2e,,_,,(-2)l, (7.36) 
e,,_,,(0).e,,+,,(-l)2/i,^(-l)2l = -4e,,+,,(-l)2e,,_,,(-l)/i,,(-l)l 

-4e,,+,,(-l)2e,,_,,(-2)l, (7.37) 

eei-.2(0).e,,+,2(-l)2/i,,_,2(-l)/iei+e2(-l)l = -2e,,+,2(-l)2e,,„e2(-l)^ei+e2(-l)l, 

(7.38) 

e,,_,,(0).e,,+,,(-l)2/i,^_,,(-l)/i,,+,,(-l)l = -e,,+,,(-l)2e,,_,,(-l)/i,,(-l)l 
-e,,+,,(-l)2e,,_,,(-2)l, for « = 3, . . . , /, (7.39) 
e,,_,,(0).e,,+,,(-l)2/i,^+,,(-2)l = 0. (7.40) 

Using relations (I7.ip - fl7.40p and formula (14.21) for vector vdi, one directly 
obtains ee^_e2(0).Vi:); = 0. 
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